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Abstract. The amplitude for scalar Higgs boson production in the fusion of two off-shell gluons is calculated
including finite (not infinite) masses of quarks in the triangle loop. In comparison to the effective Lagrangian
approach, we have found a new term in the amplitude. The matrix element found can be used in the
k | -factorization approach to the Higgs boson production. The results are compared with the calculations
for on-shell gluons. Small deviations from the cos? ¢-dependence are predicted. The off-shell effects found

are practically negligible.

PACS. 12.38.Bx; 14.80.Bn; 12.38.Qk; 13.85.Qk

1 Introduction

The Higgs boson is the only missing, undiscovered com-
ponent of the standard model of particle physics. Within
the context of the standard model, the Higgs boson is re-
sponsible for the breaking of the SUL,(2) x U(1) gauge sym-
metry and provides the mechanism for the generation of
masses of the corresponding gauge bosons: W# and Z. In
addition, the same mechanism provides masses for the lep-
tons and quarks via Yukawa couplings. Therefore, the dis-
covery and subsequent study of the Higgs boson properties
is of the highest priority for particles physics community.

A precise theoretical understanding of Higgs produc-
tion rate is critical to any attempts to search for the
particle. The dominant production mechanism for Higgs
bosons in hadron—hadron colliders is via gluon—gluon fu-
sion [1] pp — gg — H, in which gluons fuse through a vir-
tual top quark triangle to produce the Higgs boson. Such
a process provides the largest production rate for the entire
Higgs mass range of interest.

The standard description of hard processes in hadron
collisions is within the framework of the QCD parton
model, which reduces the hadron-hadron interactions to
the parton—parton ones via the formalism of the hadron
structure functions. The most popular approach is the
QCD collinear approximation [2], based on the well known
collinear factorization theorem [3]. In this approach all
particles involved are assumed to be on the mass shell,
carrying only longitudinal momenta, and the cross sec-
tion is averaged over two transverse polarizations of the
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incident gluons. The transverse momenta of the incident
partons are neglected in the QCD matrix elements. How-
ever, at small x, the effects of finite transverse momenta
of partons become increasingly important, especially in
the analysis of jets and heavy-quark production, and there
is no reason to neglect the transverse momenta of the
gluons in comparison to the quark mass. The method to
incorporate the incident parton transverse momenta is re-
ferred to as the k -factorization approach [4,5]. Here the
Feynman diagrams are calculated taking into account the
virtualities and all possible polarizations of the incident
partons. There are widely discussed applications of the
k. -factorization approach to hard QCD processes like
the J/v hadroproduction [6], charmonium production [7],
heavy-quark photo- [8, 9] and hadroproduction [10], Higgs
boson production [11,12]. Some exclusive processes in the
framework of the k| -factorization approach are described
in detail in [13].

In the lowest order the gluon coupling to the Higgs
boson in the standard model is mediated by triangular
loops with top quarks as shown by the Feynman diagram
in Fig. 1. This process for on-shell gluons p?, k2 = 0 is well
known in the literature [14], so we will only present the
result:
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Fig. 1. Gluon coupling to the Higgs boson via a t-quark trian-
gle loop

For a large quark mass 7 > 1 the form factor I; can be ex-
panded in powers of 771:
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The form factor I is not relevant in the collinear approxi-
mation because it does not enter the squared matrix elem-
ent in the on-shell limit.

In order to use the k) -factorization approach we will
take into account the non-trivial virtualities of the exter-
nal gluons. The main technical problem here is to calculate
the vector and second-rank tensor Feynman integrals with
p?, k? # 0. But the symmetric properties of the full am-
plitude together with a usage of convenient projectors al-
low one to avoid such difficulties and represent all relevant
form factors in terms of scalar three- and two-point func-
tions plus extra finite subtractions appearing due to the
regularization.

In the present work we shall study in detail the fusion
of off-shell gluons in proton—proton collisions producing
a scalar Higgs boson by the top quark triangular loops with
finite (not infinite) top quark mass. We analytically calcu-
late the exact amplitude of this process in terms of two rele-
vant form factors. The amplitude is studied in various kine-
matical regions. Furthermore we discuss different fermion
mass limits. We find that the squared matrix element tak-
ing into account the non-zeroth gluon virtualities slightly
(by several percents) increases with the growth of gluon
transverse momentum. We also discuss the consequences
of the non-zeroth virtualities for scalar boson produc-
tion in the k, -factorization approach for large transverse
momenta.

2 The amplitude for the Higgs boson
production in fusion of off-shell gluons

Let us start from the general tensor representation of the
triangle amplitude shown in Fig. 1:

T,u,u(kvp) = g,ut/Fl + kykuF2
+p,upl/F3 + kupl/F4 +p;zkl/F5 . (4)
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Here F; = Fj(q?, kQ,pQ,m%), j=1,..,5 are the
Lorentz invariant form factors, my is the fermion mass in
the loop. The Bose symmetry of the amplitude T}, (k,p) =
T,.(p, k) is equivalent to

Fl(k,p):Fl(p,k)v F2(k7p):F3(p,k)v
F4(k,p):F4(p,k)v F5(k7p):F5(p,k) (5)

The gauge invariance leads to the vector Ward identi-
ties p*T},,, =0, kYT, = 0 which in terms of form factors
gives

Fyi+p°F+ (kp)Fy =0,
Fy+k?Fy+ (kp)F, =0,

(kp)Fa+p*F5 =0,
(kp)F3+k*F5=0. (6)
Therefore we have finally only the three relations
Fi+p°Fs+ (kp)Fy =0,
(kp) P> +p°F5 =0, (7)
p?Fs—k?F,=0.
This reduces the number of independent form factors to

two. So the tensor representation of the amplitude can be
expressed in the following form:
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where oy is the strong coupling constant, v = (Gg \/5)_1/2
is the electro-weak mass scale, and a, b are the color indices
for the two off-shell gluons. This general form of the am-
plitude coincides with the standard expression for on-shell
gluons (1) with

11=G1|k2’p2ﬁ\0, IQZG2|k2’p2ﬁ\O.

In order to calculate the form factors Gy, G2 we in-
troduce two projectors. The most convenient and simple
choice is one symmetric P,, = g, and one antisymmetric
Quv = puky — puky, both 2-rank tensors. The correspond-
ing projections are
Qs

1 =T Q" =i6" >

1
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47.4
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R _ k2
So T.,.P id Y. (3(kp)G1 + [(kp) (kp) Gs | .
Solving this system of equations with respect to Gy, G we
get
_1 v (kp)S1+ ((kp)* — k*p?)S>

as  (kp)((kp)?—k?p?)

_1 v (kp)(3(kp)S1 + ((kp)® — k°p?)S2)
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Go = —[i0%]
(10)
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and Cj is the convergent scalar three-point function. Fol-

The explicit expression for the amplitude reads
lowing [15] we have
4T
__:cab s
T (k,p) =16 — (11) Co (g%, k2, p?,m2) = 16724~
[ = - !
i(2m)* [(r —k)2— mﬂ [7"2 - mﬂ {(7‘ +p)?— mﬂ , i(2m)* {(r —k)2— mﬂ [7“2 — mﬂ {(r +p)?— mﬂ
= n(k*,p%,¢%) + K(¢* k*,p?)

+r(p?, % k%) .

Employing now the dimensional regularization and
using the Passarino—Veltman reduction we get Above for simplicity we have introduced the following no-

tation:
gy =is e M Co(kp) (k2 + p? +2(kp)) 1 t-1 s
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Of course, the projections S; and Ss are convergent in the

where n =4 —¢ is the dimension of the space, B'?, B'3,
limit € — 0 and then

B?3 are the scalar two-point functions

S =102 m? [Cokp) (K + p* +2(kp)) + ((kp) + K*) Ly
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There is a finite subtraction term in Ss as a consequence of
regularization. Substituting these expressions into (10) we

By® (¢*,mf) =16x°p* "
" / d"r 1
i(2m)* [(r —k)2— mﬂ {(7‘ +p)2 — mﬂ finally obtain
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[ iy ] [ R (0 + (kp) Ly — (2K + (kp) (K + 7)) L
) ! ’ + p2(k? + (kp)) Ls + 2((kp)? — k%2)] (16)
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m3 (kp)
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where G2 = ((kp)2 — k2p?)2 [(4m7 ((kp)* — k*p?)
+ (K +p°)(2(kp)* + k*p?) +2(kp) ((kp)® +2k*p?)) Co
Li=(n Gi+1 B =1/1— ami + (2(kp)* + 3(kp)k* + k*p®) L1 — (3(kp) (k* +p?)
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2 7 o
1 P Now the off-shell amplitude can be calculated as M =

2
f=—y—Inm+2 —lnm—g ’ Tky' | kY, /|ki1||koo| with T, given by (8) and G; and
e G2 given by (16) and (17), respectively.



432 R.S. Pasechnik et al.:

3 Estimating the size of the off-shell effects

In the so-called heavy fermion limit my — co we get

2
G1|mf—>oo:§7 G2|mf—)oo:O

(18)
for gluons with arbitrary virtualities k2 and p2. The first
limit for G coincides with the classical on-shell result (3).

It is easy to show also that the form factor Gy in the
limit k2,p? — 0is

\/ﬁﬂ)z

1
G1|k2’p2*>0:7' ll—z(l-’l’)h’l (ﬁ
4m?
T——f >1,
q?

for (19)
which coincides with Ij, see (2), for the relevant case of
Higgs boson production from on-shell gluon fusion with
q®> = (k+p)? ~m?, my = myop. In this limit the second
form factor G» is

vi-74+1
G2|k2,p2—)0 = —T [5—2\/1—7'111 (ﬁ

VI-7+1
=)

Expansions for 7> 1 and p?, k2 =0 have the following
1 21
e

form:
1
2 40(=
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Let us write analogous expansions taking into account
the non-zeroth gluon virtualities.

The infinitely heavy fermion limits (18) do not contain
at all the dimensional quantities such as g2, p?, k2, so there
is no difference in the order of limits: at first g2 — 0 and
then k2, p? — 0 or vice versa. Therefore it is more conve-

nient to work with the dimensionless parameters defined
as

1
4(1 +7)In ( (20)

(21)

2 2 2
. g—4p—<0 n=-—"_<0.
mj my

(22)

Then the on-shell limit p?, k2 — 0 is equivalent to &, n — 0.
The heavy-quark limit (18) corresponds to x, &, n — 0. We
can now take into account the terms of first order in £ and
7 in (21). In the case of Higgs boson production on average
m3 > [(k%)|,](p?)| [12] so we have to take into account the
powers of x higher than the powers of £, . Expansions of
G1 and G4 in x up to second order and £ and 7 to first order
give

2 7 2
Gi(x,&n) = 3|11t pX oy x>
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11
+35(E+m+0 (X, €, n*, x&, xm, &n)

(23)
Ga(x,&,m) = —41—5(>< £=n)

We have compared the exact form factors (16) and (17)
with their expansion counterparts (23) for realistic param-
eters myop = 0.17 TeV, my, = 0.15 TeV. In conclusion, we
can use the form factor expansions up to [£], || = 0.3 with
a maximal error of less than 1%.

To make our calculations useful for the case of Higgs
boson production let us turn to the physical parame-
ters relevant for proton—proton collisions. Introducing
p=x1p1+ki1, k=1z2p2+ka1, wherek;, ko) are space-
like four-vectors associated with the transverse momenta
of gluons ky, and ki, p1, p2 are the hadron momenta,
so (p1p2) = s/2, and neglecting the hadron mass m, <
Mp, Miop, We see that p? ~ —k? | < 0and k? ~ —kZ, <0.
The subject of our analysis is the normalized projection
of the amplitude M = T}, k)", k5| /|k11 ||k |, given by the
formula

o 1
M(g*g* — H) = —id® ==
(99 )=—i i o

 [(my+ ki, + k3, +2/kii||koi|cosp) cosp Gi (24)
2
2(mj+ ki, +k3, 2k [[ker|cos¢)” kit kol | o
(m} +k2, +13,)°

where Gy, G2 can be taken from (23) for not too large
|k1.1 | and |ka, |, ¢ is the azimuthal angle between the gluon
transverse momenta ki | and ks , the transverse momen-
tum of the produced Higgs boson is p; =k;; +ksy, and
the virtual gluon polarization tensor has been taken in the
form [5,11]

My
2 :E#E*V:kikJ—

k2

1

For brevity, we shall denote the first term of the amplitude
by M and the second term by M. Neglecting the sec-
ond term in (24) and taking the on-shell value of G1, one
obtains

ag 1
b—ﬂ; (mi + ki, +k5, + 2|k [[ka | cos o)

xcos¢ I,

My = —ié“

I =G1lp2 20~ GY. (25)

This coincides with the amplitude obtained in [11] within
a numerical factor.

Let us now quantify some of the off-shell effects dis-
cussed above.

3.1 Effect on form factors

Let us start with a simple case of form factors. In
Figs. 2 and 3 we show the dependence of the two off-shell
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0,1

Fig. 2. Off-shell form factor G; normalized to its on-shell
value, as a function of £ = —kﬂ_/élmfop and n = —kgj_/élmgop

Fig. 3. Off-shell form factor Ga normalized to its on-shell
value, as a function of £ = —k%L/élm%Op and n = —k%L/élm%Op

form factors G; and G2 on the parameters £ and 7. The
results are normalized to the on-shell values of the form
factors,

2 7 2
O 2 114 —y+ —o2 2
G7 3{+30><+21x , (26)
1 4
Gl=— —x—— 2.
2T 75X 315

In this calculation myo, = 0.17 TeV, my, = 0.15 TeV. We see
that the first form factor G; slightly drops, while the sec-
ond form factor G grows with increasing |£| and |n|. The
first form factor with taking into account of the finite quark
mass differs from the one obtained in the framework of the
effective approach [11] by 5%.

3.2 Effect on amplitude

By averaging the amplitude squared M? over ¢ we obtain

2

(0%
\/12 = s
< >¢> A2 2

2
(it ) 20 ) 6

433

9 2
(it 1.7 o, ) a2

+ )
(mj, +k3, +k3,)
x 8k? k2, G2
2
[3 (mj+ki, +k3, )" +2 k%LkgL}
- 2
(mi + k%J_ + k%L)

(27)

One can see that in the collinear limit ki, ,ko; — 0 the
averaged square of the matrix element, (M 2)¢, coincides
with tl/lel squared matrix element in the covariant gauge,
THYTEY g, Gy, multiplied by 2.

Let us define the matrix element Mj that is obtained
from M given by (24) by substituting the off-shell form fac-
tors by the on-shell ones G§ and G (see (27)):

e Qs 1
Mo =—i0 bE; [(m7, + ki, +k5, +2[ki1[[kai | cos o)
x cos ¢ GY (28)
2
B (m3 +k}, +k3, +2[k;||kes|cos¢)

2
(m% + k%J_ +k§¢)
x2 |ku||ku|Gg] )

In Fig. 4 we show (M?),/(M@)4 as a function of the re-
duced parameters £ and 7. One can see a drop of (M 2)¢
relative to (M@), due to the drop of the form factor G;.
Let us first estimate the off-shell effect. Following [12]
we take the values of the transverse gluon momenta in the
interval |ki 2| ~ 5-50 GeV. Then the relative effect of re-
placing G; and Gy by their on-shell counterparts GY and
GY is
(Mg —(M?)y  (G9)*—GT
013, (P

respectively for the lower and upper limits of the gluon
transverse momenta. A rather small drop of the averaged

=0.0003-0.03, (29)

0,98
0,96
0,94

0,92

=
7
AP SIS S s

2008 n

-0,1
Fig. 4. Averaged square of off-shell matrix element (M 2)¢
normalized to its on-shell value (Mg)¢ as a function of £ =
—ki, /4m,, and n = —k3 | /4mi,,
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squared matrix element can be observed, mainly due to the
drop of the first form factor G;. The effect is of the order
of 1% or less at typical gluon transverse momenta. There-
fore the effect of non-zeroth gluon virtualities in the form
factors on the averaged squared matrix element is rather
small.

It seems interesting to study the behavior of the ma-
trix element in this part of the phase space where the first
term is small. Actually, when cos ¢ = 0 the contribution of
the form factor G; disappears from (24), and we have the
following simple expression for the amplitude:

as 1

M|y—r/2 = i5ab§;|ku||ku| Ga, (30)
which is determined exclusively by the second form factor
Gs. As a result there are significant consequences of the
non-zeroth virtualities on the angular distribution around
¢ =m/2. Then M?|4_, /> grows with increasing |¢| and
[n|. The relative growth is determined completely by the
growth of the form factor Ga:

=0.004-0.44

M2|¢=7r/2 - M3|¢)=ﬂ'/2 ~ G22 — G(2)2
Mg|¢':7r/2 GgQ

at |ki2i| ~ 5-50GeV, respectively. Thus taking into
account the non-zeroth virtualities could considerably
change the angular distribution at ¢ ~ /2. Whether this
can be observed in reality will be discussed in the next
section.

3.3 Effect on inclusive cross section

Let us try to evaluate how big can be the observable effect.
This requires a convolution of the off-shell subprocess cross
section with realistic unintegrated gluon distributions. The
inclusive cross section for the production of the Higgs bo-
son in hadron—hadron collisions can be written as

d(L’l dx2 kou_ koQJ_
g = _—
xr1 T2 T ™
X Ooff-shell (le, le) A (1‘1, k%L: M%‘) A(I27 kgl: M%‘) )
where the A(z,k? , u?) are the unintegrated gluon distri-
butions in the colliding hadrons h; and hs.

Now the distribution in azimuthal angle ¢ between kj |
and ko | can be calculated as

1
do =2 dz, dz, —k11dki ko dka
d(;S Tl T2 2

X Ooft-shen (K11, kot ) A (w1, k3, 1°) A(zz, k3, 1%).

Inserting the off-shell matrix element squared into the for-
mula for the off-shell subprocess cross section we get

do o (4*) (mi+pl)
dp 25672 vizizzsmy
2 (m2 +p?) |k |k 2
e Aetsstinn
(mh +ki, +k2¢)
X A (21,12 1 12) A (2,13, %) I K3, dyn,

(31)
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where yyg is the center-of-mass Higgs boson rapidity and
the longitudinal momentum fractions must be evaluated as

mQ 2 mQ 2
z1 =/ % exp(yn), ®2= % exp(—ym) -

The expression (31), in the on-shell limit for the form fac-
tors, is consistent with the analogous formula obtained by
Lipatov and Zotov in [11].

The second term of the off-shell amplitude (24) is new
and has not been discussed so far in the literature. For illus-
trating the role of the second part of the amplitude in Fig. 5
we show the azimuthal angle distributions. In this calcula-
tion the BFKL unintegrated gluon distributions were used
for example (for more details see e.g. [12]). There is only
a small difference between the result obtained with the sum
of both amplitudes (M; + M3) and the result obtained
with the first term (M) only. The difference becomes vis-
ible only close to ¢ = /2, i.e. when the first amplitude
vanishes. We show in the figure also the modulus of the in-
terference term. The latter is much smaller than the cross
section of the first term only, except for ¢ ~ 7/2. Because
this effect is negligible except when extremely close to
¢ =7/2, we see no easy way to identify the off-shell effects.

From the theoretical point of view the exact off-
shell matrix element would break the familiar cos? ¢-
dependence of the cross section. The second term of our
exact matrix element leads to an asymmetry around 7 /2:

2 Go) <3 ).

9 T (32)

W=14Tev 3

10 F E
102t 1 Fig. 5. Azimuthal angle dis-
3 tribution of the cross section.
10 ¥ BFKL 1 In this calculation the BFKL
10_4"'~~.~ P {1 UGDF was used and —2 < yg <
-5 0 2. The solid line represents the
10 F v E . . .
_6 " calculation with the full ampli-
10 ‘ : : tude, whereas the dashed line is
0 50 100 150 ’ .
the modulus of the interference
@ (deg) term
~ 0.2 -
b .
~0.15 F ! ]
- ]
£ 0.1 \
c
80.05
~N ) Fig. 6. The asymmetry term
= b BFKL normalized to the symmetric
=0.05 f R 1 termsasa function of ¢. In this
—01 F \ 3 calculation the BFKL UGDF
_o1s ' 1 was used and —2 < yg < 2. The
’ . 1 solid curve corresponds to the
—0.2 Mot nclusive case, while the dash-
0 50 100 150 dotted curve is for the extra cut
v (deg) |p,|>50Gev
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for ¢o > 0. In Fig. 6 we show the ratio of the interference
term to the sum of the two noninterference terms. Here the
off-shell effect is only at the 103 level. A bigger effect is ob-
tained at ¢ ~ 7/2. A change of sign at ¢ = 7/2 is clearly
visible. Putting an extra cut on |p | could increase the rela-
tive asymmetry. In Fig. 6 we show the ratio obtained with
such an extra cut |p | > 50 GeV by the dash-dotted line.

4 Conclusion

In the present work we have analyzed the effect of the
non-zeroth virtualities of external gluons on the ampli-
tude of scalar Higgs boson production. The off-shell matrix
element for this process was calculated. We have found
anew term in the amplitude compared to a recent effective
Lagrangian calculation.

A straightforward application of our analysis is in the
case of inclusive Higgs boson production in proton—proton
collisions at LHC. We have estimated that the relative drop
of the averaged square of the matrix element caused by
replacing the on-shell form factors by the off-shell ones is
only about 1% or less at relevant physical parameters of
the future experiments, so this effect could be verified in
the high-precision experiments only. However, the effect of
taking into account the non-zeroth virtualities on the an-
gular distribution at ¢ & 7/2 is much more significant due
to the quick growth of the second form factor G2 as a func-
tion of gluon transverse momenta. The relative growth of
the squared matrix element at ¢ = w/2 is up to 45% for
|k172L| ~ 50 GeV.

The observable effect was estimated in the framework of
the k| -factorization approach by convoluting the squared
off-shell matrix element and the unintegrated gluon dis-
tributions. The effect found is, however, extremely small
and concentrated around ¢ = 7/2. This will be extremely
difficult to identify in the future rather low-statistics
experiments.

We have discussed deviations from the cos? ¢-depen-
dence of the cross section. A small asymmetry around
¢ = 7/2, at the 10~3 level, was found. Taking into account
that the ¢-dependence is not directly a measurable quan-
tity the predicted effect seems extremely difficult to be
identified experimentally.
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